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Abstract 

The interaction of the notivarg with an external Weyl current is dis- 
cussed. The continuity equation for the Weyl current is obtained. The 
canonical analysis of the theory of the notivarg interacting with the exter- 
nal Weyl current is performed. The covariant propagator of the notivarg 
is found. 
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1 Introduction 



The notion of the notivarg has been introduced by Deser, Siegel and Townsend 
[1] as a parallel to the Ogievetsky-Polubarinov notoph [2]. The notivarg is a 
scalar particle described by the gauge theory. The notivarg held is a twenty 
component tensor K^ a P with symmetries of the Riemann tensor. The La- 
grangian density for the Deser-Siegel- Townsend theory of the free notivarg is 
[1] 

Co = ~\{d, L K^ a Pd a K VKf} K - \d^ a v d a K° x aX ). (1) 

There exists another description of the notivarg [3,4] given by the Lagrangian 
density 

C = -{d a K° va(i f + (d a K™ a u f. (2) 

The descriptions ([!]) and (|J) arc not connected by the point transformation 
[3,4]. The notivarg theory based on the Lagrangian (||) has been investigated 
with some details: 

(i) the interaction of the notivarg with the external Weyl current has been 
discussed in Ref. [5]; 

(ii) the canonical analysis of the free theory and the theory of the notivarg 
interacting with the external Weyl current has been performed in Ref. [6] ; 

(iii) the covariant form of the notivarg propagator has been hxed in Ref. [7] . 
In the present paper the similar program of investigations is performed for the 
Deser-Siegel- Townsend notivarg. In Section 2 we obtain the conservation law 
for the external Weyl current. In Section 3 we carry out the canonical analysis 
of the theory. Its gauge invariance is discussed in Section 4. In Section 5 we 
obtain the physical Lagrangian demonstrating the pure spin-0 content of the 
theory. In Section 6 we hx the covariant form of the notivarg propagator. 



2 Interaction with external Weyl current 

Let us discuss the notivarg theory in the Deser-Siegel- Townsend description. We 
take into account the interaction of the notivarg with an external Weyl current 
jfiuafi^ The action integral has the form 

1= J d 4 x(Co + C mt ) = J d 4 xC, (3) 

where the free Lagrangian density Co is given by Eq. (|lj) and the interaction 
term is 

C mt = p^apK^ = \j^ af} C^ a P. (4) 
The 20-component field K^ va ^ has the symmetry of the Riemann tensor, i.e. 
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the 10-component current j^ va P has the symmetry of the Weyl tensor, i.e. it is 
the Riemann tensor with j> iva v = . C^ a/3 is the Weyl part of K^ af3 (see 
Appendix I). 

The free part of the action 

I = J d^xCo (5) 
is invariant under the following gauge transformations 

_ i £ ^(D^ - d x d n ^); (6) 

8K ^ a p = ^(aV+SV)+9^(^ Q +^V)-5 /i/3 (9 I/ ?7 Q: + ^V) + 
- g»"(d*r]P + dPrf) - 2(g^g^ - g^g va )d^, (7) 

where the gauge tensor oj a ^ is symmetric w Q/3 = ui^ a . Not all components of 
w Q/3 act effecively because the transformation (g) is invariant under 

Scj a P = d a X + d X a 

where A" is an arbitrary vector. We note that the transformation (ph varies 
some components of the Weyl part of K tJ/Va0 , and the transformation (0) varies 
some components of the other parts of the field K^" a0 . The action integral 
describing the interaction with the external Weyl current 

lint — J d 4 xCi n t (8) 

is invariant under the gauge transformation (^) if the source obeys the following 
condition 

e aX ^d x d^\ v = (9) 

where the dual properties of the Weyl tensor are taken into account. Using the 
decomposition of the Weyl tensor (see Appendix II) 

we can rewrite the conservation law (^) in the form 
didj<j lj = 0, 

d°a l +e ik Pd k X p = 0, (10) 
[(<9 ) 2 + A]tr« + + + d°[e lk Pd k \j ) + e jkp d k Xi] = 0, 

where 

a i) s a''. X i = djX ji . 
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In the helicity components (see Appendix IV) we get 
(tl = 0, 

5°4 + e tk Pd k X Tp = 0, (11) 
[{d Q f + A]aij(±2) + 9°[£ lfc fc> fc A^(±2) + e^^A* (±2)] = 0. 

The conservation law (||) can be obtained as well from the field equation fol- 
lowing from the variational principle 81 = 0. We do not write down this field 
equation. For futher aim we write the field equation in the covariant gauge 

K»\ v = 0, 

d„K^ a u = 0, (12) 
It has the following form 



We note that the gauge conditions (|12|) lead to 

s aX ^d x d a C° s \ v = 0. (14) 
So, the current conservation law M) follows from Eq. (Git). 



3 Canonical analysis 

Using the decomposition of the Weyl tensor (see Appendix II) 

= (A tf ,o- y ) 
and the Riemann tensor (see Appendix III) 

R ^ af 3 = ^ij ^ R ij ^ gij ^ y, R j 

we can rewrite the action ([}]) in the component form. After some integrations by 
parts we remove the velocities d° A 1 , and d°R from the action. Performing 

the Legendre transformation we obtain 

1=1 ( / ; r; /"'«•/•/,, + WirR,, + Pd°T - H c ), (15) 

where the canonical momenta are 

P ms = = -<^a n T ms + -5°i? ms + -(9 s A m + a m A s )+ 

CC 1 ms ^ z z 

- 3 ms 5 fc A fc - i[e mnp 9„5^ + s snp d n S™ 
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n " ls = 99 ofl = _ \ 2 d Tms + 2 {dSAm + dmAS) ~ p m ' d ^ A + 



.^ s mn PdnS s + £ snp dnS ^Y 



dC 



dd°T 3 3 

and the canonical Hamiltonian density is 

n c = 2(L™') 2 - 2n y P tf + -P 2 + -Td{T + — (<9*T) 2 + -(d k R ij ) 2 + 

2 6 18 2 

+ ^d k R ij d k Tij - (R 1 ) 2 - R { Ti - ^R i d i T - A y (T« - J2«) + 

+ 2(p j + ir - 25 i P)i4 i - at - i^tf - l^r )i? + 

+ 2[ £ f"™9„(P4-n^)+aH5 ps , "" (17) 
where the following abbreviations are introduced 

T i = QjT^, R l = djRi^P 1 = djP ji , IP = djW\ The momenta conjugated 
to A 1 , S l i and R vanish because the Lagrangian density is independent of the 
corresponding velocities 

p * = Wa; = > p ^d¥s~ = ' PR =dd*R = - 

So, there are the following primary constraints 

*(D=Pa, *( J 2) =Ps. *(3)=Pfl- (18) 
We introduce the total Hamiltonian [8] 



-Bin* = 



/" rf 3 x(W c + A 4 $| 1} + A y -$g } + A* (3) ), (19) 

where Aj, Ay and A are Lagrange multipliers. The dynamics is expressed by 

a a = {a, J ff tot } $(i)=$(2)=$(3)=0 , (20) 

where {...,...} is the Poisson bracket and a is a function of dynamical variables. 
The theory is consistent if constraints hold for all times. This leads to the 
secondary constraints: 

$ l (4) = P i + W-2d i P, 



= [e m Pd n (Pi — IT^) + e jnp d n (P; - n;)] + 2<^' , 

$; 3 7) = s inm d n [A(Ti n + Ri n )+cP(T m + R m )] + 

+ e* nm d n [A {V m + Rl) + d l (T m + R m )] + 
+ 4 [0°<r« + e mm d„A?„ + e jnm a„A^] , 
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where the conservation law (Q) is taken into account. We note that 

= *?«(±2)+*?«(±l), 



(5) ^ ^(5)V-^ -r ~( 5 )* 
(7) - *(7)l 



*« = (±2), (22) 



because 9,9^$^ = and dj$>V 7 *. = 0. The dynamics of the constraints is 

a V (2) V (5)' 

5°*(6) = fftSfo, (23) 



(5) ~ 2 W 



Because the constraints can be added to Hamiltonian [9] , we construct the new 
Hamiltonian density 



n new = h q + y/ 4) $| 4) + v<f ] + y (6) $ (6) + vg } $f 7) , (24) 

5) , and 

following form 



where V t f\ and are the La grange multipliers, and 7i has the 



H Q = 2(IF) 2 - 2nyP ij + ^P 2 + -T'SjT + 

+ ^(d l Tf + l -(d k R^f + l -3 k R^d k T l3 + (25) 
- {R l f - R l Ti - -iT^T - X i:j {T ij - R ij ). 

We observe that the variables A 1 , S' 1 ^ and R disappear in the new description. 
Let us note that according to (|22|) we have (see Appendix IV) 



V™ = V$\±2) + V$\±l), 
V<P = vg>(±2). 

The Hamiltonian density T-C new is derivable [10] from the phase-space Lagrangian 
density 

C new = p..gO T ij + U.. d R ij + pgO T _ ynem ^ ^g) 



where the Lagrangian multipliers v} A) , V % f } , and vgj are treated as dy- 
namical variables. So, passing to the canonical formalism, we find the primary 
constraints 

T(4)=0, ?f 5 )=0, 7T (6) =0, 7T^=0, (27) 

where tt5 4 s, 7r^, 7T(e) and 7r^ are the canonical momenta conjugated to V r / 4 \ 
Vjf \ V ( V and yA 7) respectively. Thus the new total Hamiltonian is 

HZ W = J d 3 x(H new + AfV^) + AgVgj + A< 6 >7r (6) + Ag } ^ 7) ), (28) 
where A's are the Lagrange multipliers. The dynamics is expressed by 

d° a = { a ,iCTW (29) 

In particular we have 

9°7r (6) =-$ (6) , 9Vf 7) =-$f 7) . (30) 
The time derivatives of $(4), $(5) 5 $(6) an d $(7) are given by Eqs. (p3). 

4 Gauge transformations 

Let us discuss the gauge transformations of the free notivarg theory described 
by the action integral 

Ifree = J d 4 x£]™, (31) 

where CJ^ e is obtained from £ new putting A y = a 1 ^ = 0. In this limit the 
constraints are 

$ l (4) = P l + IT - 2d i P, 

$ (6 ) = AT-^ t ff-^r, (32) 

$; 7) = £ mm a„[A(r^ + ff m ) + a-''(T m + i? m )] + 

+e^ m d n [A(T^ + Rl) + d\T m + R m )}, 
and they obey the relations 

{$(«), *(&)} =0, a, 6 = 4, 5, 6, 7. 
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So, we have the theory with the first class constraints. 
The generator of the gauge transformations is 



G = 



+v? ] *U +vS%) +v (6) ^ 6) +4 7) *? 7) ) . 



(33) 



where a's and r]'s are gauge functions. They have the helicity structure as the 
corresponding constraints. The generator ( |33| ) obeys the consistency condition 



dt 



7T = 



Using Eq. (p9|) we obtain 



J 4 ) 



v(6) 



9 (6)_^i (4) 



ag>(±2) = a°^ ) (±2)-2Ar ? g ) (±2), 



Q0(5) 



(7), 



ag>(±i) = AL 5, (±i), 



_ «0„(S), 



(7) 
Q! • ■ = 

The gauge transformations are 



(4) 
= fx - 



<> = 

5V^ = 

< } = 

ST = 

SP = 

5T 11 = 



SR 13 
SP 13 

<5rr j 



(5) 
ry ■ ■ 
ij ' 

a (7) 



t^n 'Ira ' fc '/ m 



— f 0*0* + -o ij 'A ) v {6) 



d l d 3 



(34) 



(35) 



(36) 



g ij A )n 



inm a (7)j , jnm a (7)i 
t <^n '/ m T c C„ ;/ m 

inmcf (7)j , jump, (7)« 
t '/ m T t Cn '/m 
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In Appendix V we impose the noncovariant conditions to remove completely 
the gauge freedom. 

Using the conservation law of the current (|^) we can verify that the action 



/ = / d 4 xC new (37) 
is invariant under the gauge transformations (p6|). 

5 Physical Lagrangian 

Solving the constraints ( pl| ) we obtain 
from $( 4 ) = 0: 

P L + IT L + 2P = 0, 

pi r + n l T = o, 

from $( 5 ) = 0: 

py( ±2 )_n^(±2) = ± [e l ^d k al,{±2) + e^d k a l p {±2)\ , (38) 
from $( 6 ) = 0: 

t-\t l -\r l = q, 

from $( 7 ) = 0: 

r*J'(±2) + iZ«(±2) = -^a°[£ lfcp 9 fc ^(±2) + £^^(±2)] - ^A«(±2). 
Inserting these solutions to the action (B7J) we get 

J = /" d^xCph 



hys i 



(39) 



where 



and 



£phys = Pd°tfi - Hfree ~ H-int (40) 



(p, = ^(P L - 311*), ^(T L - fl L )J , (41) 
or other 8 pairs that can be obtained from (41) using the constraints: 

P L +U L + 2P = 0, and T--T L --R L =0. 
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The free Hamiltonian density is 



1 2 1 ,r>j ^ 



Kfree = ~P* ~ ~ (5 V) (42) 

and the interacting one is 

W int = -2V3A L (^ + 4A lJ (±2)lA^(±2)+ (43) 

+ (3V'(±2))^(3%(±2)) - 3a«(±2)io-y(±2) - 84^«- 

In the momentum space we get 

W ini - -2V3A L (-fc)^(fc) + fc 2 (fc°)" 2 | fc r 2 ^(±2,-fc) ( r y -(±2,fc) + 

+ 8| fc r 4 ^(-fc)a Tj (fc). (44) 

6 Notivarg propagator 

Let us consider the exchange of the notivarg between two external currents. The 
genaral structure of the amplitude describing the process in the second order of 
the perturbation theory is [7] 

+ ^k a f^(-k)k a k K j a ^(k^ , (45) 
where a, b, c are number factors. Due to the conservation law (^|) we have 

hfiruaj n ft J<JVK,[3 — „ ft L L J Jauap- 

Using the following identity for the Weyl tensor 

■fJ.va/3- _ _ r/i -KUaff ■ 

J Javafi — ^ u aJ jKvaji 



we observe only the first term in Eq. (|45|) is independent. Assuming the following 
form of the notivarg propagator 

D^vap^x-isik) = --p {g^g^xga^gps + g^xgvagasgpa + 

+ g^gusgaagpx + g^gv^gaxg^a - g^xguagaygps + 
- g^guxgasgp^ - g^gv&gaxgpa - g^sgu^gaagpx) (46) 

we obtain the amplitude 

A = -r ap (-k)D^ aXl& {k)f^\k) (47) 
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The number factor a = 1 follows from Eqs (Q), fll3|), and (^) 
Using the current conservation law (\LW we obtain 



A = 12 M fc)A L (fc) +2fc2(fc0) -2 | g | V''(±2,-*0<r«(±2,fc) + (48) 

+ 16| fc r 4 CT^(-fc)cr Tl (fc). 

We note that the amplitude of the current - current interaction via one notivarg 
exchange can be calculated with the help of the Hamiltonian ( [Hf ) using standard 
methods of the S - matrix formalism [11]. Following this way we get exactly the 
amplitude (|48"|), So, the form ( fl6|) of the notivarg propagator is confirmed. 

7 Final remarks 

We finish with the following remarks: 

(i) substituting A — > ^75°", c - * — 571 ^ ( see Appendix II) in Eq. ( |43| ) we get 
the physical Hamiltonian in the notivarg theory based on the Lagrangian (||) 
(see Refs [6,7]); 

(ii) in the Deser-Siegel-Townsend description the scalar field is not necessarily a 
component of the Weyl tensor. So, we can expect the notivarg interacting with 
other parts of the external Riemann current, not only with the Weyl one. 
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Appendix I 

The decomposition of the Riemann tensor K^ va ^ in the irreducible Lorentz 
parts is: 

where C^ a ^ is the Weyl tensor and 

_ Z^gV&jffi _j_ g v l 3 K p,a — g^K va — g" a K tJ ' 13 ) + 

G^ aP = ^{g m g vf3 -g^g va )K, 
if" = K» va v , K = K£. 
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The dual property of the Wcyl tensor reads 

Appendix II 

Let us consider the Weyl tensor j^ ua/3 . We introduce the new variables 
\^=\r\ A* = 0, a ij =a ji , o\ = 

defined by 

jOiOj _ yij 
■Oijk = £ 3kp a ^ 

■ijki = _ ( g ik x ji + g3 i x ik _ g a x3 k _ gj k x iij 
So, we get the following decomposition of the Weyl tensor 

The dual transformation 
in the component form is 

Appendix III 

Let us consider the Riemann tensor K^ va ^ . We introduce the new variables 



T 11 = T 3 \ T\ = 0, R l] = R>\ R\ = 0, 
S ij =S ji , Sj = 0, A\ T, E 

defined by 



jy-OiOj _ rpij , \_ ijrp 

R 0ijk = £ 3kp S i + ij A k _ ik A j 



RV mn = gtmjfjn + g jn R im _ g xn RJ m _ g jm R n 

+ \(g im g jn -g m 9° m )R- 

So, we get the following decomposition of the Riemann tensor 

K ^ a /} = pij ^ R ij ^ gij ^ A i iT ^ R y 
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Appendix IV 

The well known decomposition of a vector into transversal and longitudinal 
parts is 

v* = t4 + v[ 

where 

yz = ~d%v\ 

A = -51,5*. 

The analogous decomposition of a symmetric traceless tensor a y is 
a ii = a ij ( ±2 ) + a H ( ± i) + a «( ) 

where 

a y (±l) = -1(5**4. H-^'aj.), 
a y (0) = + 1 -g^)a L , 
a l T = a 1 + —d l dja j , 

«l = ^Oja , 
a 4 = 

Appendix V 

The gauge transformations (|3^ ) in the component form arc 

ST 11 (±2) = -5R lJ {±2) = e lkp d k r]^ 3 (±2) + e jkp d k T]^ i (±2), 

5R L = 

ST L = 

ST = 2A^\ 

SP ij (±2) = 8U^(±2) = - A (e lkp d k r,^{±2) + e lkp 'd k ^p' ; (±2)) , 
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SP^ 



sir T = o, 



SP 



To remove completely the gauge freedom we impose the following noncovariant 
conditions {Xi} : 



The constraints $'s and the gauge condition x's form the set of the second class 
constraints. 
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